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Abstract
Given an injective bounded linear operator T :X→ Y between Banach spaces, we study the Borel
measurability of the inverse map T−1 :T X→X. A remarkable result of Saint-Raymond (Ann. Inst.
Fourier (Grenoble) 26 (1976) 211–256) states that if X is separable, then the Borel class of T−1
is α if, and only if, X∗ is the αth iterated sequential weak∗-closure of T ∗Y ∗ for some countable
ordinal α. We show that Saint-Raymond’s result holds with minor changes for arbitrary Banach
spaces if we assume that T has certain property named co-σ -discreteness after Hansell (Proc. London
Math. Soc. 28 (1974) 683–699). As an application, we show that the Borel class of the inverse of a
co-σ -discrete operator T can be estimated by the image of the unit ball or the restrictions of T to
separable subspaces of X. Our results apply naturally when X is a WCD Banach space since in this
case any injective bounded linear operator defined on X is automatically co-σ -discrete.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Let X∗ be the dual of a Banach space X. For any subset A ⊂ X∗, let A(1) denote the
set of the limits of all the w∗-converging sequences of elements from A, and define induc-
tively A(α) =⋃β<α(A(β))(1) for any ordinal α. If X is a separable Banach space and Z is
a separating subspace of X∗, a classical result of S. Banach states that Z(α) =X∗ for some
countable ordinal α, see [11]. The least α with that property is called the sequential order
(s-order) of Z. Consider an injective bounded linear operator T :X→ Y from the separable
Banach space X into a normed space Y . A well known result due to Souslin [6, §39.IV] im-
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42 and 45) a nice link between these results, see also [11] and [12].
Theorem (Saint-Raymond [17]). If T :X → Y is an injective bounded linear opera-
tor between separable Banach spaces, then T −1 is of Borel class α if, and only if,
(T ∗Y ∗)(α) =X∗.
For a nonseparable Banach space X, an analogous result may fail for several reasons
that we describe in the following two examples.
Example 1.1. Let T : 1(Γ )→ 2(Γ ) be the natural embedding for Γ uncountable. It
is not very hard to prove that T −1 is of first Borel class. Clearly T ∗2(Γ ) is a subset of
c∞(Γ ), the subspace of 1(Γ )∗ = ∞(Γ ) made up of the elements with countable support.
Since c∞(Γ )(1) = c∞(Γ ), the space ∞(Γ ) cannot be reached by any sequential closure
of T ∗2(Γ ).
Example 1.2. Let X be the dual of the James–Tree space JT . Recall that JT is separable
not containing a copy of 1, and X is not separable [3]. Fix a dense sequence (tn) in the unit
ball of JT and define and operator T :X→ c0 by taking (T x)n = n−1x(tn). It is easy to
check that T ∗1 is norm dense in JT and applying Rosenthal’s theorem (T ∗1)(1) = X∗.
On the other hand, T −1 is not Borel measurable. Indeed, T −1 sends T BX , which is a
closed separable subset of c0 (so Polish) to the nonseparable metric space BX .
The first example suggests us that some modification of the s-order is necessary. An
essential fact is that w∗-convergent sequences are bounded.
Definition 1.3. For any subset A of a dual Banach space X∗, denote by A[1] the set of the
limits of all the w∗-converging bounded nets of elements from A, and for any ordinal α > 1
define A[α] =⋃β<α(A[β])[1]. The bounded-net order (bn-order) of A is the first ordinal α
such that A[α] =A[α+1].
If A is convex and has bn-order α, a straightforward application of the Krein–Smulyan
theorem gives that A[α] =Aw∗ .
To avoid the pathology showed in Example 1.2 we need some topological notions. Con-
sider a family H= {Hi : i ∈ I } of subsets of a metric space X. Recall that H is said to be
discrete if any point x ∈X has a neighborhood V which meets at most one member of H.
The familyH is σ -discretely decomposable if there are discrete families ({Hni : i ∈ I })∞n=1
such that Hi =⋃∞n=1 Hni for every i ∈ I . The following definition is due to Hansell [5].
Definition 1.4. Let T :X→ Y be a injective map between metric spaces. We say that T
is co-σ -discrete if for every discrete family {Hi : i ∈ I } in X, the family {T (Hi): i ∈ I } is
σ -discretely decomposable.
The definition for noninjective maps is possible but more technical. If X is separable,
then any map T :X→ Y is co-σ -discrete since any discrete family in X must be countable.
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a nonseparable setting introducing discreteness conditions, for further information on this
topic see the survey “Analytic sets in nonseparable metric spaces” by Stone in [15]. Co-
σ -discrete maps are called co-σ -continuous in [8], where this kind of maps are used in
renorming theory.
Our extension of Saint-Raymond’s result is stated as follows.
Theorem A. Let T :X → Y be an injective bounded linear operator between Banach
spaces which is also co-σ -discrete. Then T −1 is Borel measurable if, and only if, the bn-
order of T ∗Y ∗ is countable, and in such a case, it coincides with the Borel class of T −1.
We shall show below that if we are looking for Borel properties of T −1 the hypothesis
of T being co-σ -discrete is not very restrictive, see Corollary 3.8. Moreover, the Borel
measurability of T −1 implies that T is co-σ -discrete if we assume Fleissner’s axiom [4]:
a family of subsets of a metric space which is point-finite and analytic-additive, i.e., the
union of any subfamily is Souslin-F (see the beginning of the next section), is σ -discretely
decomposable. On the other hand, for the class of weakly countably determined spaces
(WCD) every injective bounded linear operator is automatically co-σ -discrete, Corol-
lary 2.11. The construction of co-σ -discrete injective bounded linear operator from certain
Banach spaces into c0(Γ ) has been studied by Oncina [9], with a different terminology,
using projectional resolutions of identity.
Under the assumption that T is co-σ -discrete, we have simple criteria to check the Borel
measurability of T −1.
Theorem B. Let T :X → Y be an injective bounded linear operator between Banach
spaces which is also co-σ -discrete. Then T −1 is Borel measurable of class α provided that
one of the following conditions holds:
(a) There exists a nonempty bounded open set B ⊂X such that TB is of additive class α
in TX.
(b) For every separable closed subspace E ⊂X, the restriction T |E has inverse of Borel
class at most α.
Notice that conditions (a) and (b) above are necessary for being T −1 of Borel class α.
Without the co-σ -discreteness assumption Theorem B is not longer true. The operator
T : ∞ → c0 defined by T ((xn))= (n−1xn) satisfies conditions (a) and (b) of Theorem B
for α = 1, but T −1 is not Borel measurable by the same argument that in Example 1.2.
Let us describe the contents of the next sections of the paper. Section 2 provides the tools
that we shall need about co-σ -discrete maps for the next section as well as some applicable
criteria to check the co-σ -discreteness. Section 3 is devoted to prove Theorem A and some
of its consequences. To this aim we shall need some of the ideas and results used by Plichko
in [12] to give an alternative proof of Saint-Raymond’s result. In Section 4 we shall prove
that the Borel class of the inverse of an injective bounded linear operator T :X→ Y is
separably determined. We believe that the unexplained notions and terminology used in
this paper are standard. As general references we have followed [6] for general topology,
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properties of WCD Banach spaces.
2. Co-σ -discrete maps
If τ is a given topology on X, the family of τ -Borel sets of additive class α will be
denoted by Aα(τ ), and Mα(τ ) will stand for the sets of multiplicative class α. Given
σ = (σk)∞k=1 ∈NN and n ∈N, let σ |n ∈N<N denote the finite sequence (σk)nk=1. A subset
A of a metric space is said to be a Souslin-F if it can be written as
A=
⋃
σ∈NN
∞⋂
n=1
A(σ |n),
where A(s) is closed for every s ∈ N<N. Every Souslin-F in a complete metric space
X is measurable with respect to any Radon measure on X and every Borel subset of X
is Souslin-F [15]. However, in nonseparable metric spaces the analogous of the Lusin
separation theorem does not hold, at least with the usual Borel sets. Next result is due to
Hansell.
Theorem 2.1. Let T :X → Y be an injective continuous map between complete metric
spaces. Then T is co-σ -discrete if, and only if, T (A) is Souslin-F in Y for every closed
A⊂X.
Proof. Put together Proposition 3.14 and Corollary 4.2 of [5]. ✷
Remark 2.2. Assuming Fleissner’s axiom [4], the completeness of Y is not necessary as
hypothesis in Theorem 2.1.
The following property has been used in [13] and [14] in relation with the comparison
of Borel subsets for different topologies, and the Borel measurability of maps.
Definition 2.3. Let X be a set, τ1 and τ2 two topologies on X and let C be a class of subsets
of X. We say that X has the property P(τ1, τ2) (with sets from C) if there exists a sequence
(An) of subsets of X (belonging to C) such that for every x ∈ X and every V ∈ τ1 with
x ∈ V there exists n ∈N and U ∈ τ2 verifying x ∈An ∩U ⊂ V .
The argument that we shall use in the paper to show that two topologies τ1 and τ2 on
X have the same Borel sets can be sketched as follows. Assume that τ1 is finer than τ2.
Clearly it is enough to check that every τ1-open set is τ2-Borel. By Lemma 2.4(1) we just
need to prove that X has the property P(τ1, τ2) with τ2-Borel sets.
Lemma 2.4. Let X be a set with topologies τi with i = 0,1,2, . . . ,∞ defined on it and let
C be a class of subsets of X stable by finite intersections.
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to τ2, then every τ1-open set belongs to Aα(τ2).
(2) If X has P(τ1, τ2) and P(τ2, τ3) with sets from C , then X has P(τ1, τ3) with sets from
C .
(3) If X has P(τ1, τ2) and τ1 is metrizable by a τ2-lower semicontinuous metric, then X
has P(τ1, τ2) with τ2-closed sets.
(4) If X has P(τn, τ0) for every n ∈ N with sets from C and τ∞ is the weaker topology
containing {τn: n ∈N}, then X has P(τ∞, τ0) with sets from C .
Proof. Statements (1), (2) and (3) are essentially contained in [13, Proposition 1] and
statement (4) is a particular case of [14, Proposition 2.11]. It is necessary to add the extra
information on the class of the sets, which follows by simple inspection of the proofs. ✷
Proposition 2.5. Let X be a set endowed with two metrics d1 and d2. The identity map
(X,d1)→ (X,d2) is co-σ -discrete if and only if X has P(d1, d2).
Proof. Assume that (X,d1)→ (X,d2) is co-σ -discrete. Let {Bi : i ∈ I } be a basis for
the d1-topology such that I =⋃∞n=1 In and every family {Bi : i ∈ In} is discrete, see [6,
§21.XVII]. Then there is a decomposition Bi =⋃∞m=1 Cmi such that {Cmi : i ∈ In} is dis-
crete with respect to d2 for every n,m ∈ N. Take An,m =⋃i∈In Cmi . We claim that X
has P(d1, d2) with the countable family of sets (An,m). Indeed, given x ∈ X and a d1-
neighborhood V of x there is n ∈N and i ∈ In such that x ∈Bi ⊂ V . Take m ∈N such that
x ∈ Cmi . There is a d2-neighborhood U of x such that An,m ∩U ⊂ Cmi , and thus we have
x ∈An,m ∩U ⊂ V .
Suppose that X has P(d1, d2) with a sequence of sets (An). Firstly we shall show that
a family {Hi : i ∈ I } is σ -discretely decomposable with respect to d2 if it satisfies the
“ε-separation” condition with respect to d1: there is ε > 0 such that d1(x, y) > ε, whenever
x ∈Hi and y ∈Hj with i, j ∈ I and i = j . Take Vi = {x ∈X: d1(x,Hi) < ε/3} and notice
that {Vi : i ∈ I } is a disjoint family of d1-open sets. Consider the following sets:
W
n,m
i =
{
x ∈An ∩ Vi : d2
(
x,An ∩
⋃
j∈I, j =i
Vj
)
>m−1
}
.
We claim that Vi = ⋃∞n=1⋃∞m=1 Wn,mi . Indeed, for every x ∈ Vi there is n ∈ N and
a d2-open U such that x ∈ An ∩ U ⊂ Vi . Since An ∩ ⋃j∈I, j =i Vj ⊂ X \ U we have
d2(x,An ∩⋃j∈I, j =i Vj ) > 0 and thus x ∈ Wn,mi for m ∈ N large enough. Clearly, the
family {Wn,mi : i ∈ I } is d2-discrete for every n,m ∈ N, and this gives a σ -discrete de-
composition, with respect to d2, of {Vi : i ∈ I }. It follows that the family {Hi: i ∈ I } is
σ -discretely decomposable with respect to d2.
Let {Hi: i ∈ I } an arbitrary d1-discrete family. Define
Hni =
{
x ∈Hi : d1
(
x,
⋃
j∈I, j =i
Hj
)
> n−1
}
.
The d1-discreteness of {Hi : i ∈ I } gives that Hi =⋃∞n=1 Hni for every i ∈ I . The family
{Hn: i ∈ I } satisfies the ε-separation condition with respect to d1 for ε = n−1. Everyi
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that {Hi : i ∈ I } has the same property. ✷
Remark 2.6. We say that a topological space (X, τ) has the property d-SLD (from
“countable cover by sets of small local diameter”) if for every ε > 0 there is a decom-
position X = ⋃∞n=1 Xεn such that any point x ∈ Xεn has a relative τ -neighborhood in
Xεn of d-diameter less than ε. Oncina proved [9, Proposition 2.2] that the identity map
(X,d1)→ (X,d2) is co-σ -discrete if, and only if, (X,d2) has d1-SLD. Notice that co-
σ -discrete maps are called SLD maps there [9, Definition 2.1]. Proposition 2.5 can be
obtained form Oncina’s result together with [13, Proposition 2].
From this moment on we shall deal only with linear maps. Next result is a useful crite-
rion for co-σ -discreteness in the linear case due to Moltó, Orihuela and Troyanski.
Theorem 2.7. Let T :X → Y be an injective bounded linear operator between Banach
spaces. The following conditions are equivalent:
(i) T is co-σ -discrete.
(ii) For every x ∈X there is a separable subset S(x)⊂X in such a way that
x ∈ span
( ∞⋃
n=1
S(xn)
)
for any bounded sequence (xn)⊂X such that (T xn) converges to T x .
Proof. In [7, Lemma 11] it is proved the implication (ii) ⇒ (i) using the terminology men-
tioned in the proof Proposition 2.5. The complete proof appears in [10, Theorem A]. ✷
The operator T considered in Example 1.1 is co-σ -discrete using the previous result
with suitable sets S(x) that the reader will find easily. Theorem 2.7 has been used by
Oncina [9] to build injective bounded co-σ -discrete linear operators from certain classes
of spaces into c0(Γ ). The adaptation of [7, Corollary 9] gives the following.
Corollary 2.8. Let T :X→ Y be an injective bounded linear operator between Banach
spaces. If T ∗Y ∗ is norm dense in X∗, then T is co-σ -discrete and T −1 is of first Borel
class.
Proof. If x ∈ X and (xn) ⊂ X is a bounded sequence such that (T xn) converges to T x ,
then it is not hard to verify that (xn) converges weakly to x . Therefore x ∈ conv({xn: n ∈
N}). From this we can deduce two consequences. The first one is that condition (ii) of
Theorem 2.7 is satisfied for S(x) = {x}. Proposition 2.5 implies that X has P(‖.‖, |||.|||)
where |||.||| is the seminorm defined by |||x||| = ‖T x‖. The second consequence is that ‖.‖
is lower semicontinuous with respect to |||.|||. Then X has P(‖.‖, |||.|||) with |||.|||-closed sets
by Lemma 2.4(3). By Lemma 2.4(1) every ‖.‖-open is of first additive class with respect
to |||.|||, that is, T −1 is of first Borel class. ✷
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a result of Srivatsa [16].
Recall that Banach space X is said to be weakly countably determined (WCD) if there
exists a sequence (Kn) of w∗-compact sets of X∗∗ such that for every x ∈ X and every
y ∈X∗∗ \X there is n ∈N with x ∈Kn and y ∈Kn. The class of the WCD Banach spaces
includes the weakly compact generated Banach spaces (WCG).
Theorem 2.10 [13]. If X is a WCD Banach space, then X has P(‖.‖, τ ) for any Hausdorff
vector topology τ weaker than the weak topology of X.
Corollary 2.11. If X is a WCD Banach space, then any injective bounded linear operator
T :X→ Y to another Banach space Y is co-σ -discrete.
Proof. Take Z = T ∗Y ∗. By Theorem 2.10, X has P(‖.‖, σ (X,Z)). Consider the norm
‖.‖−1 on X defined by ‖x‖−1 = ‖T x‖. Since ‖.‖−1 generates an intermediate topology
between σ(X,Z) and ‖.‖, we deduce that X has P(‖.‖,‖.‖−1) which is equivalent to
being T co-σ -discrete by Proposition 2.5. ✷
3. Main arguments
Saint-Raymond obtained the result mentioned in the introduction within the context of
his theory of “espaces a modèle séparable.” Plichko [12] gave a more direct proof of Saint-
Raymond’s theorem in the separable case. Some of the arguments used by Plichko in [12]
are valid also for nonseparable Banach spaces, but this fact is not stated explicitly in his
paper. The most relevant of them for our development is Lemma 3.3 below.
Let Z be a separating subspace of X∗. The formula
‖x‖Z = sup
{
x∗(x): x∗ ∈BX∗ ∩Z
}
defines a coarser norm on X. If the norm ‖.‖Z is equivalent to the original norm of X, that
we shall subsequently denote by ‖.‖, then Z is said to be a norming subspace. It is well
known that Z is norming if and only if BX∗ ∩Zw∗ contains a neighborhood of the origin.
For any subspace Z ⊂ X∗ we have Z[1] =⋃∞n=1 nBX∗ ∩Zw∗ . Applying Baire’s category
theorem we deduce that Z is norming if and only if Z[1] =X∗. Next result is well known
(the proof is included because we have not found suitable reference).
Lemma 3.1. If Z ⊂X∗ is a separating subspace, then (X,‖.‖Z)∗ =Z[1].
Proof. The dual space (X,‖.‖Z)∗ is a subspace of X∗ since the norm ‖.‖Z is coarser
than ‖.‖. Its dual ball is the polar of the set {x ∈ X: ‖x‖Z  1}. By the bipolar theorem,
BX∗ ∩Zw∗ is the unit ball of (X,‖.‖Z)∗. ✷
In all what follows an injective bounded linear operator T :X→ Y is fixed. We shall use
Plichko’s notation ‖.‖−1 for the norm of Y lifted to X, that is ‖x‖−1 = ‖T x‖. We also fix
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Notice that the sequence of norms stabilizes at ‖.‖γ if, and only if, ‖.‖γ = ‖.‖. In that case
the former lemma implies that {‖.‖α : −1  α < γ } are pairwise nonequivalent norms on
X coarser than ‖.‖. The exceptional case, the norm ‖.‖−1 is equivalent to ‖.‖, happens if,
and only if, T is an isomorphism onto its image.
Lemma 3.2. The transfinite sequence of norms {‖.‖α : α  −1} defined above has the
following properties:
(1) For any two ordinals β < α the norm ‖.‖α is finer than ‖.‖β .
(2) ‖.‖α+1 is lower semicontinuous with respect to ‖.‖α .
(3) For any ordinal α⋂
−1β<α
BX
‖.‖β = {x ∈X: ‖x‖α  1}.
Proof. Property (1) is easy to check. Property (2) can be deduced from property (3), that
appears as Lemma 1 in [12]. The proof of property (3) is consequence of the following
chain of identities⋂
−1β<α
BX
‖.‖β =
⋂
−1β<α
BX
σ(X,Z[β+1]) = BXσ(X,
⋃
−1β<α Z[β+1])
= BXσ(X,Z[α]) =
{
x ∈X: ‖x‖α  1
}
where we have used the theorems of Mazur (for (X,‖.‖β)) and bipolar (with respect to the
dual pair 〈X,Zα〉). ✷
In order to state Plichko’s lemma we have to introduce some notation. The following
concepts are relevant to the ‖.‖-topology of X. If A⊂X is a Borel subset, then there exists
an open subset U such that the symmetric difference A∆U is of first category [6, §11.III].
The subset D(A) of points of X where A is not of the first category coincides with U [6,
§10.V].
Lemma 3.3. For any A ∈ Aα(‖.‖−1) verifying that D(A) = ∅, there exists β ∈ [−1, α)
such that D(A) contains some ‖.‖β -ball.
Proof. Notice that for α = 0 it is trivial. The case α > 0 follows from Lemma 3 and
Lemma 1 of [12]. ✷
Proposition 3.4. Let T :X→ Y be an injective bounded linear operator between Banach
spaces. If there is a nonempty bounded open set B ⊂X such that TB is of additive class
α in TX, then the bn-order of T ∗Y ∗ is at most α.
Proof. We have B ∈Aα(‖.‖−1) and then D(B)= B contains a ‖.‖β -ball for some β < α
by Lemma 3.3. But this implies that the ‖.‖β -ball is bounded and thus Zβ is a norming
subspace. As β + 1 α, then Z[α] =X∗. ✷
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Mα(‖.‖−1) for α any countable ordinal.
Proof. We shall prove the lemma by induction. First observe that if X has P(τ1, τ2) for
any pair of intermediate topologies ‖.‖−1 ⊂ τ2 ⊂ τ1 ⊂ ‖.‖.
For α = 0, it follows from Lemma 2.4(3) because ‖.‖0 is ‖.‖−1-lower semicontinuous
after Lemma 3.2(2).
If α is a nonlimit ordinal, put α = β + 1. By the induction hypothesis X has
P(‖.‖β,‖.‖−1) with sets fromMβ(‖.‖−1). This implies that the ‖.‖β -open sets belong to
Aα(‖.‖−1) by Lemma 2.4(1), and so the ‖.‖β -closed sets belong toMα(‖.‖−1). Reasoning
as in the first step, we deduce that X has P(‖.‖α,‖.‖β) with ‖.‖β -closed sets, which are in
Mα(‖.‖−1). Lemma 2.4(2) gives that X has P(‖.‖α,‖.‖−1) with sets fromMα(‖.‖−1).
If α is a limit ordinal define an auxiliary metric
d(x, y)=
∑
β<α
λβ max
{‖x − y‖β,1},
where the coefficients λβ > 0 are such that
∑
β<α λβ <+∞. The d-topology is generated
by the union of the ‖.‖β -topologies for β < α. By Lemma 2.4(4), X has P(d,‖.‖−1)
with sets of multiplicative class strictly less than α with respect to ‖.‖−1. Since α is a
limit ordinal Z[α] =⋃β<α Z[β]. Consequently, the functionals of Z[α] are d-continuous.
Arguing like in the proof of Lemma 3.2, the norm ‖.‖α is d-lower semicontinuous, and so
X has P(d,‖.‖α) with d-closed sets, which belong to Mα(‖.‖−1). Lemma 2.4(2) implies
that X has P(‖.‖α,‖.‖−1) with sets fromMα(‖.‖−1). ✷
Proof of Theorem A. Assume that the bn-order α of T ∗Y ∗ is countable. First we shall
show that α cannot be a limit ordinal. Indeed, if we suppose that α is limit, then Z[β] with
β < α is strictly increasing and
⋃
β<α Z[β] = X∗. The norm closure Z[β] is contained in
Z[β+1]. The Baire category theorem implies that some Z[β] with β < α must contain an
open ball which is a contradiction. Consequently, we can put α = β+1, thus Z[β] is norm-
ing and ‖.‖β is an equivalent norm on X. Since T is co-σ -discrete, X has P(‖.‖,‖.‖−1)
by Proposition 2.5. In order to show that T −1 is Borel of class α it is enough to show that
X has P(‖.‖β ,‖.‖−1) with sets fromMβ(‖.‖−1), but this follows from Lemma 3.5.
For the converse, assume that T −1 is Borel measurable of class α. If B is a ‖.‖-open
ball of X, then T B is of additive class α in TX, which implies that B ∈Aα(‖.‖−1). Then
apply Proposition 3.4 to get Z[α] =X∗. ✷
Remark 3.6. Plichko [12] has proved that if X is a Banach space which is the direct sum
of separable and reflexive subspaces, then any injective bounded linear operators has Borel
measurable inverse. He also proved in [12] that the converse is consistent with ZFC.
Corollary 3.7. Let T :X→ Y be an injective bounded linear operator between Banach
spaces. Assume that T is co-σ -discrete and T ∗Y ∗ has bn-order α. Then TX is a Borel
subset of Y of multiplicative class α + 1 at most. Moreover, T A is Borel in Y for every
A⊂X Borel subset.
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Corollary 3.8. For an injective bounded linear operator T :X → Y between Banach
spaces the following conditions are equivalent:
(i) T −1 is Borel measurable and TX is a Souslin-F subset of Y .
(ii) T is co-σ -discrete and the bn-order of T ∗Y ∗ is countable.
Proof. (i) ⇒ (ii) If T −1 is Borel measurable, then the bn-order of T ∗Y ∗ is countable by
Proposition 3.4. Notice that relative Borel subsets of a Souslin-F set in Y are also Souslin-
F in Y . Theorem 2.1 implies that T is co-σ -discrete.
(ii) ⇒ (i) The Borel measurability of T −1 follows from Theorem A and the fact that
TX is a Borel subset of Y by the former corollary, so it is Souslin-F . ✷
We shall finish this section with some applications to WCD Banach spaces. Notice
that if X is a WCD Banach space, then Bw∗ = B(1) for any B ⊂ X∗ bounded [18, Théo-
rème 6.4]. Therefore A(1) = A[1] for any subset A ∈ X∗, and thus the bn-order coincides
with the s-order.
Corollary 3.9. Let X be a WCD Banach space and let T :X→ Y be an injective bounded
linear operator to another Banach space Y . Then T −1 is Borel measurable if, and only
if, the s-order of T ∗Y ∗ is countable, and in such a case, it coincides with the Borel class
of T −1.
If X is a WCD Banach space and Z ⊂X∗ is norming, then the Borel sets for σ(X,Z)
and the norm topology coincide [13]. We have the following improvement.
Corollary 3.10. Let X be a WCD Banach space and let Z ⊂X∗ be a separating subspace.
Then the equality of Borel families
Borel
(
X,‖.‖)= Borel(X,σ(X,Z))
holds if, and only if, Z has countable s-order.
Proof. By Theorem 2.10, X has P(‖.‖, σ (X,Z)). We deduce that X has P(‖.‖Z,
σ (X,Z)). Since the norm ‖.‖Z is σ(X,Z)-lower semicontinuous, the Borel sets for
σ(X,Z) and the ‖.‖Z-topology coincide by Lemma 2.4(3). Let (Y, |||.|||) be the com-
pletion of (X,‖.‖Z) and T the natural embedding of (X,‖.‖) into (Y, |||.|||). Notice that
T ∗Y ∗ = Z(1). The result follows from Corollary 3.9 since the equality of Borel(X,‖.‖)
and Borel(X,‖.‖Z) is equivalent to the Borel measurability of T −1. ✷
Corollary 3.11. Let X be a WCD Banach space and let T :X→ Y be a bounded linear
operator into another Banach space Y . If there is a nonempty bounded open set B ⊂ X
such that T B is Borel in TX, then T U is Borel in Y for any open U ⊂X.
M. Raja / J. Math. Anal. Appl. 290 (2004) 63–75 73Proof. Reduce to the injective case of Corollary 3.7 by means of the quotient space
X/KerT and combine with Banach open mapping theorem and Proposition 3.4. ✷
4. Separable reduction
We prove in this section that the Borel class of the inverse of an injective bounded linear
operator T :X→ Y is determined by its restrictions to separable subspaces of X.
Lemma 4.1. Let T :X → Y be an injective bounded linear operator between Banach
spaces. Assume that the bn-order of T ∗Y ∗ is strictly greater than some countable ordi-
nal γ + 1. Then there is a separable subspace E ⊂X such that bn-order of (T |E)∗Y ∗ into
E∗ is strictly greater than γ + 1.
Proof. Let {‖.‖α : −1  α  γ + 1} be the transfinite sequence of norms on X and let
{Z[α]: 0 α  γ +1} be the transfinite sequence of separating subspaces of X∗ introduced
in the former section. The norm ‖.‖γ is not equivalent to ‖.‖ because Z[γ+1] =X∗. Take a
‖.‖-separable subspace E1 ⊂X such that the norms ‖.‖γ and ‖.‖ are not equivalent on E1.
We shall construct an increasing sequence of ‖.‖-separable subspaces En ⊂ X as fol-
lows. Assume that En is already built, then En+1 is taken such that En ⊂ En+1 and such
that for every x ∈En there exists a sequence xk ⊂En+1 with ‖xk‖ ‖x‖α which is ‖.‖β -
converging to x for each β < α. To do that, first observe that for a given x ∈ X with
‖x‖α  1 there is a sequence (xk) ⊂ BX which is ‖.‖β -converging to x for each β < α
with ‖xk‖ ‖x‖α because{
x ∈X: ‖x‖α  1
}= ⋂
−1β<α
BX
‖.‖β
after Lemma 3.2. Fix D(n,α) a countable ‖.‖-dense subset of {x ∈En: ‖x‖α  1} and for
every −1  α  γ and every x ∈D(n,α) pick a sequence (xk)= S(x,α)⊂ BX which is
‖.‖β -converging to x for each β < α. The space En+1 is constructed as follows:
En+1 = span‖.‖
(
En ∪
⋃
αγ, x∈D(n,α)
S(x,α)
)
.
Let E ⊂ X be the ‖.‖-separable closed subspace defined by E =⋃∞n=1 En‖.‖. From this
moment on the norms ‖.‖α are restricted to E. Observe that by construction E satisfies the
equality⋂
−1β<α
BE
‖.‖β = {x ∈E: ‖x‖α  1}
for every −1 α  γ . Let F ⊂E∗ be the separating subspace defined by F = (T |E)∗Y ∗.
We shall consider the transfinite sequence {F[α]: 0  α  γ } of separating subspaces of
E∗ and the transfinite sequence of norms {|||.|||α : 0  α  γ } on E where |||.|||α = ‖.‖F[α] .
Put |||.|||−1 = ‖.‖−1 on E. We claim that |||x|||α = ‖x‖α for every −1  α  γ . The claim
will be proved using induction on α. For α = −1 it is trivial. Assume that the induction
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the induction hypothesis,{
x ∈E: ‖x‖α  1
}= ⋂
−1β<α
BE
‖.‖β =
⋂
−1β<α
BE
|||.|||β = {x ∈E: |||x|||α  1},
where the last equality follows from Lemma 3.2 applied to E. That completes the proof of
the claim. To finish the proof of the lemma, observe that ‖.‖γ = ‖.‖F[γ ] is not equivalent
to ‖.‖ on E because E1 ⊂E. Therefore F[γ ] is not norming and thus the bn-order of F is
strictly greater than γ + 1. ✷
Theorem 4.2. Let T :X → Y be an injective bounded linear operator between Banach
spaces. Then:
(a) If the bn-order of T ∗Y ∗ is countable, then it coincides with the s-order of (T |E)∗Y ∗
into E∗ for some separable closed subspace E ⊂X.
(b) If the bn-order of T ∗Y ∗ is uncountable, then any countable ordinal is less than the
s-order of (T |E)∗Y ∗ into E∗ for some separable closed subspace E ⊂X.
Proof. Assume that the bn-order of T ∗Y ∗ is countable and, by the arguments in the proof
of Theorem A, we may assume that is of the form γ +1. The former lemma gives for every
β < γ a separable subspace Eβ such that the s-order of T |∗EβY ∗ into E∗ is strictly bigger
than β + 1. If γ is nonlimit ordinal the proof is finished. Suppose that γ is a limit ordinal
and take E = span‖.‖(⋃β<γ Eβ). The space E is ‖.‖-separable and by construction, the
s-order α of T |∗EY ∗ is not less than γ . On the other hand, α cannot be a limit ordinal
and is not greater than γ + 1. Therefore α = γ + 1. In case that the bn-order of T ∗Y ∗ is
uncountable the proof follows directly from the lemma. ✷
Remark 4.3. Small modifications of Lemma 4.1 can be used to prove that the bn-order of
a linear subspace Z ⊂X∗ is determined by the s-orders of Z|E into E∗ where E runs on
the separable closed subspaces of X in the sense of Theorem 4.2.
Proof of Theorem B. It follows from Proposition 3.4 in case (a). For case (b) apply The-
orem 4.2. ✷
Remark 4.4. An injective bounded linear operator T :X → Y between Banach spaces
is called a Gδ-embedding [2] if T A is a Gδ-set for every bounded separable closed set
A⊂X. As a consequence of Theorem B(b), a co-σ -discrete Gδ-embedding has inverse of
the second Borel class, at most.
References
[1] R. Deville, G. Godefroy, V. Zizler, Smoothness and Renorming in Banach Spaces, in: Pitman Monographs
and Surveys, vol. 64, 1993.
[2] N. Ghoussoub, B. Maurey, Gδ -embeddings in Hilbert space, J. Funct. Anal. 61 (1984) 72–97.
M. Raja / J. Math. Anal. Appl. 290 (2004) 63–75 75[3] M. Fabian, P. Habala, P. Hájek, V. Montesinos, J. Pelant, V. Zizler, Functional Analysis and Infinite-
Dimensional Geometry, in: CMS Books in Mathematics, vol. 8, Springer, 2001.
[4] W. Fleissner, An axiom for nonseparable Borel theory, Trans. Amer. Math. Soc. 251 (1979) 309–328.
[5] R.W. Hansell, On characterizing non-separable analytic and extended Borel sets as types of continuous
images, Proc. London Math. Soc. 28 (1974) 683–699.
[6] K. Kuratowski, Topology, Vol. I, PWN Polish Scientific Publishers, Warsaw, 1966.
[7] A. Moltó, J. Orihuela, S. Troyanski, Locally uniform rotund renorming and fragmentability, Proc. London
Math. Soc. (3) 75 (1997) 619–640.
[8] A. Moltó, J. Orihuela, S. Troyanski, M. Valdivia, A non linear transfer technique, Prepublicaciones Depar-
tamento de Matemáticas, Universidad de Murcia, 2003.
[9] L. Oncina, The JNR property and the Borel structure of a Banach space, Serdica Math. J. 26 (2000) 13–32.
[10] L. Oncina, On WCG Asplund spaces, Quart. J. Math. Oxford, in press.
[11] M.I. Ostrovskii, Weak∗ sequential closures in Banach space theory and their applications, in: General Topol-
ogy in Banach Spaces, Nova Science, Huntington, NY, 2001, pp. 21–34.
[12] A. Plichko, Decomposition of Banach space into a direct sum of separable and reflexive subspaces and Borel
maps, Serdica Math. J. 23 (1997) 335–350.
[13] M. Raja, Kadec norms and Borel sets in a Banach space, Studia Math. 136 (1999) 1–16.
[14] M. Raja, On some class of Borel measurable maps and absolute Borel spaces, Topol. Appl. 123 (2002)
267–282.
[15] C.A. Rogers, Analytic Sets, Academic Press, 1980.
[16] V.V. Srivatsa, Baire class 1 selectors for upper-semicontinuous set-valued maps, Trans. Amer. Math. Soc. 337
(1993) 609–624.
[17] J. Saint-Raymond, Espaces a modèle séparable, Ann. Inst. Fourier (Grenoble) 26 (1976) 211–256.
[18] M. Talagrand, Espaces de Banach faiblement K-analytiques, Ann. Math. 110 (1979) 407–438.
